We study effective gravitational F-terms, obtained by integrating an U(N) adjoint chiral superfield Φ coupled to the N = 1 gauge chiral superfield W α and supergravity, to arbitrary orders in the gravitational background. The latter includes in addition to the N = 1 Weyl superfield G αβγ , the self-dual graviphoton field strength F αβ of the parent, broken N = 2 theory. We first study the chiral ring relations resulting from the above non-standard gravitational background and find agreement, for gauge invariant operators, with those obtained from the dual closed string side via Bianchi identities for N = 2 supergravity coupled to vector multiplets. We then derive generalized anomaly equations for connected correlators on the gauge theory side, which allow us to solve for the basic one-point function TrW 2 /(z − Φ) to all orders in F 2 . By generalizing the matrix model loop equation to the generating functional of connected correlators of resolvents, we prove that the gauge theory result coincides with the genus expansion of the associated matrix model, after identifying the expansion parameters on the two sides.
Introduction
The issue of effective gravitational F-terms in N = 1 gauge theories coupled to N = 1 supergravity, generated by integrating out a massive U(N) adjoint superfield Φ, has received much attention recently [1, 2, 3, 4, 5, 6] , after the conjecture of [1] , which has identified these terms to higher genus contributions to the free energy of a related hermitian matrix model, with potential given by the superpotential W (Φ) of the adjoint superfield. The conjecture was proved in [4, 5] using the diagrammatic techniques developed in [7] to prove the relation between the effective superpotential of the gauge theory and the planar, genus zero, contribution to the matrix model free energy. One of the ingredients of the proof in [4, 5] was the modification of the chiral ring of the gauge theory in the presence of a supergravitational background. The modification has two sources. The first can be understood within the framework of ordinary supergravity tensor calculus and related Bianchi identities in the presence of the N = 1 Weyl superfield G αβγ , and it reads {W α , W β } = 2G αβγ W γ , where W α is the gauge chiral superfield. It turns out however that, in order to capture genus g ≥ 2 contributions, in the language of the dual closed string theory side [8] , one needs to introduce a more drastic modification in the chiral ring relation, to account for a nontrivial vacuum expectation value of the (self-dual) graviphoton field strength F αβ of the parent N = 2 string theory. In this case the relation reads {W α , W β } = F αβ + 2G αβγ W γ . In particular, one is modifying the Grassmann nature of the fermionic superfield W α . In [6] we considered the first kind of modification, involving only the Weyl superfield G αβγ , exploited its consequences and used generalized anomaly equations [9] to prove that, indeed, the order G 2 effective superpotential is given, as a function of S = −TrW 2 /32π 2 , by the genus one contribution to the free energy of the related matrix model. A crucial fact in that approach was the lack of factorization of chiral correlators in the presence of a non-trivial supergravity background, in particular the non-triviality of connected two-point correlators.
The purpose of the present work is to complete and extend the above analysis to arbitrary orders in F 2 , i.e. to arbitrary genera on the matrix model side, or on the dual closed string side. This amounts, among other things, to determine the modifications in the chiral ring relations due to the presence of the F αβ background.
It turns out that in this case one has to face ordering ambiguities in manipulating W 's in the generalized Konishi anomaly equations, somewhat similar to the base point dependence in path ordered exponentials found in [4, 5] . We fix the ambiguities by requiring that traces of (graded) commutators be trivial in the chiral ring. This requirement will lead us to get identities involving gauge invariant and gravitational operators, which will be very important when analyzing the anomaly equations.
While we do not have a proof of this assumption at the gauge theory level, quite remarkably we will find that these relations are exactly the same as those we obtain on the dual closed string theory side by using the Bianchi identities of the (broken) N = 2 supergravity theory coupled to vector multiplets. We will then first, following the strategy of [6] , reconsider the g = 1 case in the presence of both F αβ and G αβγ and find that the order F 2 and G 2 superpotential terms have the expected structure and agree with the g = 1 matrix model result.
In order to proceed with arbitrary genus analysis, for which a non-trivial F αβ is essential, we will need to further generalize the strategy of [6] to derive anomaly equations for the generating functional of (connected) correlators, by coupling the relevant chiral gauge invariant operators to external sources. From these equations we will extract the correlators which are required to determine the one-point functions of R(z), T (z) and w α (z) (in the notation of [9] reviewed in section 2) to all orders in F 2 .
From these one can determine the effective superpotential as explained in [9] . The connection with the matrix model will be proved by generalizing the loop equation
of the latter to a full generating functional of connected correlators of resolvents,
by coupling the matrix model resolvent Ω m (z) to an external source. We will prove that, in fact, the gauge theory R(z) coincides with the matrix model Ω m (z) , to all orders, if we identify F 2 with the matrix model genus-expansion parameter 1/N 2 .
More precisely, there is a full class of gauge theory correlators, TrW 2 Φ k , whose expansion in powers of F 2 coincides with the 1/N 2 expansion of TrM k , where M is aN ×N hermitian random matrix, whose expectation value is computed with the measure exp(−N gm TrW (M)). We find this fact quite remarkable.
It is also worth mentioning that lower genus contributions to a given genus term can be gotten rid of by an operator redefinition, R → R+ G 2 N needed to remove the genus zero contribution to the order
It is interesting to note that, by following [9] and introducing an auxiliary Grassman coordinate ψ α , which can be thought of as a second supercoordinate of the broken N = 2 parent theory, we can rewrite the anomaly equations in a shift-invariant way, if, in addition to assembling R, w α and T in R(ψ), as in [9] , we assemble also F and G as H = F αβ − 1 2 ψ γ G αβγ . This suggests that the effective superpotential can be formally written in a manifest shift-invariant way,
However, it will turn out that, due to the chiral ring relations, to be derived in section 2, the g ≥ 2 terms are all trivial from the N = 1 point of view. We should stress, nevertheless once again, that the all-orders identification of the gauge theory R(z) with the matrix model Ω m (z) , implying the exact identity of an infinite family of correlators on the two sides, survives the chiral ring relations, since on the gauge theory side it involves powers of F 2 only.
The paper is organized as follows: in section 2 we discuss the chiral ring relations in the gauge theory with background F and G and those coming from the dual closed string side. In section 3 we consider the genus one contribution, extending the discussion of [6] to the case where both F and G are non-trivial and proving the expected structure of order G 2 and F 2 terms. In section 4 we derive anomaly equations for the generating functional of connected correlators, find the relevant connected two-point functions and finally the all orders one point function of T , from which the superpotential can be integrated. We also verify the shift symmetry of our expressions and prove agreement with the matrix model result. In appendix A we prove the consistency of the anomaly equations for the generating functional.
The chiral ring
The chiral ring in N = 1 gauge theories consists of all operators which are annihilated by the covariant derivativeDα, which is conjugate to the superchargeQα, modulō
Dα exact terms, where the exact terms should be gauge invariant and local operators.
All relations in the chiral ring are therefore defined moduloDα exact terms. The chiral ring and the various relations in it play an important role in deriving the effective F -terms in N = 1 gauge theory obtained by integrating out the adjoint matter [9] . This is because the contributions to the effective action of allDα exact terms can be written as an integral involving both holomorphic and anti-holomorphic integrations in superspace, d 2 xd 2 θd 2θ S(θ,θ). Thus they do not contribute to the F-terms, which involve only either a holomorphic or anti-holomorphic integrations in the superspace co-ordinates.
For the N = 1 gauge theory with a single adjoint field on R 4 the chiral ring relations are given by [9] 1
where W α is the N = 1 gauge chiral superfield and Φ is the chiral matter superfield in the adjoint representation of the gauge group. In this paper we are interested in studying the F-terms in N = 1 U(N) gauge theory obtained by integrating out a single adjoint scalar in presence of gravity as well as the self-dual graviphoton field strength F αβ , using the generalized anomaly equations approach. The chiral ring relations in the presence of these backgrounds are given by [4, 5] [
In the presence of just a curved background the ring relations can be derived by using the Bianchi identities of N = 1 gravity, but for obtaining the ring relation in the presence of the graviphoton one has to resort to string theory. It was pointed out in [4] that the modification of ring relations in the presence of F αβ requires a non-traditional interpretation. The classical Grassmanian nature of the N = 1 gauge multiplet no longer holds, the gauge multiplet in fact satisfies a Clifford algebra. All the gauge invariant operators constructed out of the basic fields of the N = 1 gauge multiplet and the chiral multiplet can be arranged into the following operators
3)
Here, for later convenience, we have defined separate symbols for the matrix elements operators and the gauge invariant, trace operators. Placing more W 's in the trace does not yield any more gauge invariant operators, as they can be converted to one of the above operators by the ring relations in (2.2), therefore the above set of operators is exhaustive in the chiral ring. In the next sub-section we will derive various identities from the relations (2.2), with a motivated ansatz that the adjoint action with W α on gauge invariant operators vanishes. In the subsequent sub-section we will re derive these identities from the closed string dual using the N = 2 Bianchi identities, thus justifying the ansatz.
Chiral ring identities from gauge theory
From the definition of W 2 and the basic ring equations in (2.2) we can derive the following identities using simple algebraic manipulations,
adding the above equations we find
Considering the equation (2.2) with a product of arbitrary number of scalars Φ and taking trace on both sides of the equation, we obtain
We see that on the left hand side of the equation we have the adjoint action on the operator W β ΦΦ . . .. For ordinary Grassman W α , the trace of the adjoint action is zero, but here, from the algebra in (2.2), it is not clear that this will still hold.
However if the trace of the adjoint action is not zero, then in any gauge invariant operator, like the one considered in (2.6), there will be an ambiguity in the ordering of W α , such that the cyclic property of the trace will not be obeyed. This is the base point ambiguity noted in [4] . To remove such ambiguities we demand that the trace of the adjoint action is trivial in the chiral ring. This leads us to the following Again demanding that the adjoint action is trivial in the chiral ring we get
that written in terms of the operators in (2.3) becomes
Using Bianchi identities of N = 1 supergravity it was shown in [6] , that the spin 2 combination of a product of two N = 1 Weyl multiplet was trivial in the ring. This combination is given by
This ensures that the gravitational corrections to the F-terms truncate at order G 2 .
If a similar Bianchi identity were applied on the symmetric tensor F αβ we would obtain the following product of the graviphoton and the N = 1 Weyl multiplet
which should therefore vanish in the chiral ring. However, a consistent N = 1 gauge theory coupled to the spin 3/2 multiplet containing the graviphoton along with its supersymmetric partner, the gravitino, is at present not known. Such theories are consistent from string theory point of view as these are theories on D-branes with the graviphoton field strength turned on in the bulk. The presence of the graviphoton field strength would perhaps modify the Bianchi identity in (2.13), without an explicit construction of the gauge theory coupled to graviphoton it is not possible to determine the modification of the Bianchi identity on the F αβ . The product of G and F in (2.13) contains both a spin 3/2 and a spin 1/2 part, but we make the minimal ansatz that the spin 3/2 combination in the tensor product is trivial in the chiral ring as given below
From the basic identities in the chiral ring, (2.8), (2.11), (2.12) and (2.14), we derive other identities which are used at several instances in this paper. The first identity is obtained by multiplying the equation (2.11) by F α α ′ , which is gives
Another important identity is given by
In order to prove this identity, we first multiply (2.14) by G αβ δ to obtain
The product G δβα G α σγ contains both the spin 0 and the spin 2 part. The spin 2 part vanishes by (2.12), therefore this product contains only the spin 0 part, which is given by
Substituting the above equation in (2.17) gives (2.16). We also have the identity
This equation is obtained by simply multiplying (2.14) by F αβ , the last two terms vanish due to the symmetry of G αβγ in all the indices. Finally, using (2.8) and (2.11)
we can show that
The identities (2.15), (2.16), (2.18) and (2.19) imply that terms containing G 2 do not admit any expansions in higher powers of either F or G. And the terms containing (F · G) also do not admit any higher powers of either F or G. From these considerations we can conclude that the only expansion which admits arbitrary powers is an expansion purely in F .
Chiral ring identities from closed string dual
Though we do not have understanding of the chiral ring identities discussed in the previous subsection we can appeal to the open/closed string duality conjectured in [8] to derive them on the closed string side. The basic conjecture of [8] is that N = 1, U(N) gauge theory with a single adjoint chiral superfield Φ, realized, for instance, by N D5-branes wrapped on a two-cycle of a local Calabi Yau threefold, is dual to closed string theory on a CY threefold which is related by a conifold transition to the previous one. On the closed string side N = 2 supersymmetry is broken down to N = 1 by the presence of three-form fluxes on the CY space [10] . The tree level superpotential for Φ is related to the geometry of the CY manifold. More precisely, the duality identifies the lowest moment of the gauge theory operators of (2.3) with the components of an U(1) N = 2 vector multiplet on the closed string side
S is the closed string field dual to Tr(W α W α )/32π 2 , and it corresponds to the complex structure modulus of the CY threefold, w α is dual to Tr(W α )/4π and N, the auxiliary field corresponding to the three-form flux on the closed string side, is dual to Tr(1) of the gauge theory. θ is the usual N = 1 superspace coordinate andθ is the additional superspace coordinate for N = 2 superspace. The duality is expected to still hold after coupling the gauge theory on one side and the vector multiplet on the other side, to the supergravity background given by F αβ and G αβγ .
In particular, a class of gravitational F-terms, usually called F g [11, 12] are expected to match on the two sides, with the above identification of fields.
We can also organize the background fields, the N = 1 Weyl multiplet and the graviphoton field strength as an N = 2 Weyl multiplet as follows.
In the above equation F αβ stands for the N = 1 self-dual graviphoton multiplet and G αβγ refers to the N = 1 Weyl multiplet which contains the self-dual part of the Riemann curvature. We have set the auxiliary field of the Weyl multiplet to be zero as it does not play any role in deriving the ring relations discussed in the previous sub-section.
Our strategy to prove the basic ring relations in (2.8), (2.11) and (2.14) would be to use the N = 2 Bianchi identities to show that these equations areD exact.
HereD refers to the derivative of the N = 1 superspace coordinate. This is the same method used to obtain the ring relations in (2.1). Consider the followingD exact
In writing the equality we have used the fact that V , the N = 2 vector multiplet, is annihilated byD. From the definition of covariant derivatives in superspace we have the following (see for instance [13] )
Here A, B, C, D, etc. refer either to bosonic or fermionic coordinates in superspace, b, c refer to their grading, a bosonic coordinate having grade 0 and a fermionic one grade 1. R and T stand for the curvature and the torsion in superspace coordinates respectively. For N = 2 superspace, the complete solution for the Bianchi identities has been given in [14] and one can read out the required curvature and torsion symbols. The equation in (2.23) can then be written as
There are no curvature contributions as V is a scalar in N = 2 superspace, there are other contributions to this Bianchi identity, but they vanish on shell 3 . The zeroth and the first component inθ reduces to
Theθ 2 component is identically zero. These operator equations verify the lowest moment of the ring relations in (2.8) and (2.11) from the closed string side. To verify all the moments of these relations we need map which relates all the gauge invariant operators of the gauge theory to closed string fields, at present such a detail map is lacking, though it is obvious they will all be mapped to vector multiplets on the closed string side. To prove the relation in (2.14) consider the followingD exact
Substituting the required curvature and torsion symbols we get
There are other terms in this Bianchi identity, but they all vanish on shell. From the lowest component inθ of the above equation we obtain the relation (2.14). Note that on lowering the β and γ indices, the combination is entirely symmetric, thus containing only the spin 3/2 part of the tensor product of G and F . This completes the proof of (2.14) from the closed string side. The linear term inθ of (2.28) reduces to (2.12)
Genus one analysis
The chiral ring relations (2.1) ensures that only planar graphs contribute to the computation of the superpotential in the absence of gravity or the graviphoton field strength. The diagrammatic analysis of [4] and [5] show that higher genus diagrams contribute when either gravity or the graviphoton background is turned on. In fact the contribution of gravity alone enters at genus one in the superpotential, and it was shown in [6] that the genus one correction to the loop equation in the corresponding matrix model agrees with the gravitational corrected anomaly equations in the gauge theory. In this paper we extend this to the situation when the graviphoton field strength is also turned on. The graviphoton affects the gauge theory loop equations at all genera. In this section as an important preliminary step to the analysis at all genera and, as a means to introduce all the definitions and methods, we will analyze the anomaly equations of the gauge theory with the graviphoton also turned on at genus one.
To derive the Ward identities constraining the gauge invariant generating functions of (2.3) in the presence of gravity and the graviphoton field strength we need three ingredients. Firstly, the background modifies the ring to (2.2) and the associated ring equations discussed in section 2.1 play a crucial role. The generalized Konishi anomaly [15] forms the second ingredient: one can derive the Ward identities constraining the functions R(z), w α (z) and T (z) by considering an infinitesimal variation δΦ ij = f ij where f ij is the matrix elements of the operators given in (2.3).
This variation is anomalous and, in absence of gravity, the anomaly is given by
with
When a gravitational background is turned on, there is a direct contribution to the Konishi anomaly This is just the generalized gravitational contribution of the chiral anomaly [16, 17] . To include this contribution we replace A ij,kl in (3.2) with
We expect that the presence of a graviphoton background will not affect the Konishi anomaly. The graviphoton field strength is of dimension 3, all terms in the Konishi anomaly equation are Lorentz scalars and of dimension 3. Thus there is no Lorentz invariant term which can be constructed out of the graviphoton field strength which is of dimension 3. Therefore, the effect of the graviphoton in the anomaly equations can be seen only through the ring (2.2). Using these two ingredients, the equations determining the gauge invariant operators of (2.3) are given by
To arrive at these equations we have repeatedly used the identities in the chiral ring derived in section 2.1. Had we not used those identities, we would have found ambiguities in various terms, due to the fact that cyclic property of the trace is not obeyed. Note that the above equations reduce to the same equations derived in [6] in absence of the graviphoton fields strength. To see this, we have to use the chiral ring equation G 2 w α = 0 in the first equation of (3.4). Finally, the third ingredient in solving for the gauge invariant operators is that the above Ward identities involve two point functions of the gauge invariant operators. In absence of either gravity or the graviphoton field strength these operators factorize in the chiral ring [9] . However, in the presence of these background there is no apriori reason for factorization, in fact the correspondence of the gauge theory with the matrix model and the diagrammatic calculations of [4, 5] imply that these operators do not factorize. Therefore, we need a further set of Ward identities determining the connected two-point functions. For the case of the gravitational background alone, this was done in [6] , and it was shown there that the corrections to the gauge invariant operator T is precisely that of genus one correction to the resolvent of the matrix model. We will repeat the same analysis for the case where the graviphoton field strength is turned on. In section 3.1 we set up the anomaly equations which determine the connected two point functions and in section 3.2 we will solve for the one point functions of the gauge invariant operators, to genus one.
Before we proceed, we note that the equations of (3.4) simplify if we perform the following field redefinition
This field redefinition shifts all moments in the generating functional, and it is therefore a generalization of the field redefinition noted in [6] , which removed the genus zero contribution of the gravitational correction to the superpotential. In fact, in section 3.2 we will see that this field redefinition does the same job in the general case. Using this redefinition in (3.4) we obtain
In obtaining these equations we have used the chiral ring identities as well as (3.4).
Here the integral operator I(z) is given by
with the contour C z encircling z and ∞. Note that if A is equal to R, ρ α or T , the integral operator reduces to
With the field redefinition above, the Ward identities reduce exactly to those with no gravitational or graviphoton bacground, in fact the first equation of (3.6) is identical to the equation for the matrix model resolvent.
Connected two point functions
Following the same method used in [6] we will derive a set of equations for the connected two point functions. We see that, to solve for the one point functions from (3.6), it is sufficient to determine the connected two-point functions evaluated at coincident points in the z plane. However, it is more convenient to determine the connected two point functions at two different points in the complex plane say z and w, for example R(z)T (w) . This turns out be useful as we can impose conditions on the connected two point function, such as their contour integrals around various branch cuts in z and w plane vanish separately, which enable us to solve the corresponding generalized Konishi anomaly equations completely.
We will briefly review the method used in [6] using the example of the two point function R(z)T (w) . Consider the infinitesimal transformation which is local in superspace coordinates (x µ , θ,θ),
The Jacobian of this transformation has two pieces
The first term in the equation above together with the variation of the classical superpotential gives rise to
where the subscript c denotes completely connected 2-or 3-point functions. The first term on the right hand side vanishes when we use the first equation of (3.6).
From the second term in the Jacobian, when combined with the anomaly (3.2,3.3),
we obtain the following single trace contribution
Here we have introduced the notation A(z, w) = A(z)−A(w) /(z −w) for A equal to R, w α and T . Note that the field redefinition of (3.5) does not affect the single trace contribution, as it already comes with order G 2 . The field redefinition introduces a correction of order G 4 for the above single trace quantity, which vanishes in the chiral ring. Combining (3.11), (3.12) and the first equation of (3.6), one obtains the following equation for the connected correlation functions:
Using estimates as the ones performed in [6] , shows that the completely connected three-point functions vanish. We will not need these estimates when we discussing the solution for all genera, as will be seen in the next section. The method to obtain the other relevant connected correlation functions is similar. We need to consider a general variation of the form
where A can be R, ρ α or T and B can be R, w α or T . The resulting generalized
Konishi anomaly equations equations can be derived in the same way as above and are written as the following matrix equation.
ǫ αβ using the chiral ring equation (2.20) . To obtain such equations we have used the chiral ring relations extensively. We have also dropped all connected three-point functions. The order at which they occur can be inferred using the estimates of [6] : they either vanish in the chiral ring or occur at a higher order. For genus one we are interested in the solution at order
with M(z) the first matrix operator appearing on the left hand side of eq. (3.15), N(z, w) and K(z, w) satisfy N(z, w) = N t (w, z) and K(z, w) = K t (w, z). The nontrivial consistency condition (integrability condition) is then given by
Using the methods of [6] , it can be shown that the above integrability condition is satisfied. The existence of solutions for the connected two point functions, equation (3.15) , is guaranteed by the fulfillment of the integrability conditions (3.17). However, as familiar also in matrix models, these solutions suffer from ambiguities, in the form of a finite set of parameters. These ambiguities will be fixed by the physical requirement that the contour integrals around the branch cuts of the connected two point-functions, both in the z and w planes, vanish separately. The reason for this is that the following operator equations hold:
where S i is the chiral superfield whose lowest component is the gaugino bilinear in the i-th gauge group factor in the broken phase U(N) → The above equation is a linear equation with an inhomogeneous term which is proportional to F 2 . Let the solution be given by
where H (1) (z, w) solves the following equation
here the superscript in H refers to the fact that we are working at genus one. It is possible to define such a function, as the inversion of operator M is unambiguous. In [6] it was shown that the function H(z, w) is symmetric in z and w. We now illustrate how the connected two point function T (z)T (w) c , can be expressed in terms of the function H (1) (z, w). From (3.15), the equation satisfied by this correlator is given
Now let us define the following operators:
Applying the operator (D + δ 2 /2) on equation (3.21) we see that it reduces to (3.22) if one uses the relations T (z) = (D + 1 2 δ 2 ) R(z) , and w α (z) = δ α R(z) . Though these relations are valid only to the zeroth order, it is possible to use them here since corrections occur at higher order than G 2 in (3.22). Therefore, using the uniqueness of solutions of the equations involving the operator M, we find
We can find all other two point functions in a similar manner, at genus one order they are given by
One point functions at genus one
To solve for the corrections to the one point functions we first expand the one point functions as (3.26) where the terms with the superscript 0 denote the zeroth order contribution in F 2 , G 2 and (F · G) and terms with the superscript 1 denote the first order contribution.
Substituting the above expansions in (3.6) we obtain the following equations for the genus one contributions
All the above equations are linear in the one point functions with different inhomogeneous terms. The linear operator is M = (2R (0) − I(z)), therefore we consider the
From the definition of the operator I(z) the solution of this equation is given by
here c (1) is the finite ambiguity in the solution, a polynomial of degree n − 2. This ambiguity is again fixed by the physical requirement that the contour integral of Ω (1) , which is proportional to the genus one correction to any one one-point of interest, vanishes around branch cuts. This requirement ensures that operator equations (3.18) are valid and the background fields S i , N i and w αi do not receive any G 2 , F 2 or (F · G) corrections. Using these inputs, the genus one corrections to the one-point functions of interest are given by
At this juncture it is worthwhile to point out the difference in the results had we not used the field redefinition in (3.5). We would, in fact, be left with genus zero contributions, in addition to the corrections found in (3.30) . This is seen as follows:
without the field definition there will be additional terms proportional to G 2 , multiplying products of one point functions at the zeroth order. For example, in the last equation of (3.4) there is a term proportional to G 2 (T (0) (z)) 2 which, since it goes like N 2 , it represents a genuine genus 0 contribution,
Solution at all genera
In this section we obtain the complete solution for the one point functions R, w α and T for all genera. From (3.6) we see that we need the connected two point functions RR c , Rw α c , RT c and w α w α c to solve for the one point functions.
Our strategy in this section is to first obtain equations for generating functionals for any arbitrary correlator using the generalized Konishi anomaly. This can be done by introducing sources coupled to the operators of interest. The equations constraining the generating functionals turn out to be a set of integro-differential equations. From these we solve for the relevant two-point functions which in turn enables us to obtain the one point-functions of interest. We then compare the results with the matrix model. In the appendix we demonstrate that the integro-partial differential equations constraining the generating functional are consistent and provide the details of the solution for all connected two point functions.
Generating functionals for connected correlators.
To obtain equations for the generating functionals for connected correlators we extend the method used to obtain equations for the connected two point functions. Consider the following generating functional for the operators of our interest
The generating functional is a function of three variables j R , j α w , j T .There are three equations which constrain Z which are obtained by considering the following three
here η α is an arbitrary spinor. We will now derive the constraint imposed by the Konishi anomaly for the first variation. The derivation proceeds along the lines followed to derive the equations for the connected two-point functions, discussed in section 3.1. The Jacobian of the first variation in (4.2) is given by
Note that the expression contains terms similar to the Jacobians in (3.10). Therefore, we can use the anomaly equations constraining the two-point functions for obtaining the equations constraining the generating functional. The first term of the Jacobian in (4.4) gives rise to a term which is the product of the first anomaly equation in (3.6) times Z, while the second term of the Jacobian in (4.4) gives rise to inhomogeneous single trace terms similar to those in (3.12). Using these considerations, the anomaly equation for the above variation can be shown to reduce to
. We can write the above equation as an integro-differential equation by introducing functional derivatives with respect to the sources on the generating functional. We define
. Now writing (4.5) in terms of these derivatives gives
here we have suppressed the superscripts z, w in the derivatives for clarity of notation.
The generalized Konishi anomaly constraints from the other two variations in (4.2) are given by
The above equations form a set of closed integro-partial differential equations which determine Z For the connected two point functions of our interest it is sufficient to consider the following ansatz for the generating functional
Here the product j T M T is understood to mean dzj T (z)M T (z), similarly for other products in the above expression. In the appendix we will generalize this to include all two point functions. Note that for the various cumulants in the ansatz we have allowed an arbitrary dependence of j R while we allow only a finite set of moments in j T and j α w . As we will see subsequently, it is possible that higher moments in j R are non vanishing, but higher moments in the other currents truncate in the chiral ring.
An indication of this is clear form the nature of the two point functions at genus one in (3.25) . Only the RR c correlator is a function of F 2 alone, all the others involve powers of G, thus they will truncate at some order in the chiral ring. With this ansatz the connected two-point functions of interest are given by
The three equations of (4.7) and (4.8) in terms of the cumulant generating functional
As M R is only a function of j R , the equation determining M R can be obtained from (4.11) , by setting j T = j α = 0. This is given by
We will see in subsection 4. , where w refers to another point in the complex plane and set j T = j α = 0. We obtain the following
This forms a basic equation out of which the solutions for the other cumulant generating functions in (4.9) will be constructed. The equation is linear in ∂ z R ∂ w R M R with an inhomogeneous proportional to F 2 , therefore the solution is proportional to F 2 .
Let the solution of of (4.15) be given by
Solutions for the one point functions.
Having obtained the required connected two point functions we can now solve for the corrections to the one point functions. The analysis is identical to the genus one case. We first expand the one point functions about the zeroth order as
(4.26)
hereR,w andT denote corrections to the zeroth order solution. Now substituting the above expansion in (3.6) we obtain the same equations as (3.27) but with H (1) (z, z)
replaced with the full connected two point function H(z, z), which is the solution of (4.17). These are given below
The corrections are given bỹ
where
where c(z) is a polynomial of degree n − 2 and is uniquely determined by the requirement that the contour integrals of Ω(z) around each branch cut vanishes. Note that the last term of the second equation in (4.27) vanishes, because after substituting the solution forR, we see that that term is proportional to F 2 w α , which is trivial in the chiral ring. In the section 4.4 we show that this is exactly the answer obtained from the matrix model.
Shift invariance of the anomaly equations
In this section we show that we can assemble all the equations for the generating functions given in (4.11), (4.12) and (4.13) into one superfield equation by introducing the auxiliary fermionic coordinate ψ α . We first assemble the loop variables as
Note that with this notation the generalized Konishi anomaly equations (3.6) is given by
These generalized Konishi anomaly equations are the same as in the case of N = 1 gauge theories in flat space with no graviphoton background. In that case, the connected two-point functions in (4.31) vanish, and this shift symmetry of the equations implied that the superpotenial could be written as the integral [9]
We would like to demonstrate that this is also true for the case of N = 1 theories studied here.
We first show that the equations for the connected correlators can be written as a supermultiplet in the ψ space. The background fields, the N = 1 Weyl multiplet and the N = 1 spin 3/2 multiplet can be assembled as
To write the generating functional in the superspace ψ we introduce the multiplet of the sources as follows
Then the generating functional can be written as 
With this notation the set of equations (4.11), (4.12) and (4.13) reduce to
In (4.37) O R is defined using the super derivative of (4.36). In deriving (4.37) we have used the identities (2.8), (2.11) and (2.20) . This implies that the solutions of the loop equations can be written in a shift invariant way. It is easy to verify this from the solutions we have found in the previous subsection. The corrections to the one point functions can be written as
To obtain the expansion in the second line we have used the chiral ring relation terms are set to zero as the expansion in F truncates in the chiral ring for these terms. Since the solutions to the correlators in R can be written as a supermulitplet in ψ, the corrections to the super potential must be written as
This motivates the completion of the gravitational corrections to the superpotential to asW
which is in agreement with what is obtained from the closed string duality with ψ playing the role of the second N = 2 superspace coordinate. However because of the identities in the chiral ring all terms for g > 1 are trivial form N = 1 point of view.
Nevertheless, the generating functional R(z) sees the complete genus expansion and is identified with the matrix model genus expansion as we will see in the next subsection.
Comparison with the matrix model results.
Consider a hermitian matrix model with an action given by
where M is a hermitianN ×N matrix. The basic loop equations for the resolvent is given by
here Ω m is the matrix model resolvent given by
We now obtain the loop equations satisfied by the variation
here Z m is the generating functional for the n-point functions for the resolvent of the matrix model. The loop equations for the variation in (4.45) is given by 
Conclusions
In this paper we have analyzed the issue of gravitational effective F-terms, resulting from the integration of a massive adjoint scalar with arbitrary tree level superpotential and coupled to N = 1 super Yang-Mills and supergravity, with the non-trivial, non-standard F αβ background. The main results we obtained are, firstly, the determination of the chiral ring relations in the presence of both F αβ and G αβγ , thereby extending previous analysis of [6] . Secondly, the proof that the gauge theory onepoint function R(z) coincides to all orders with the matrix model one-point func-
tion Ω(z) , provided one identifies the expansion parameters on the two sides. As mentioned in the introduction, this is equivalent to the statement that the gauge theory correlators TrW 2 Φ k and the matrix model ones, TrM k , are identical to all orders in a genus expansion, after the appropriate identification of the expansion parameters.
Concerning terms in the gauge theory low energy action, we have also argued that the gravitational effective superpotential can be written in the form d 2 ψH 2g F g (S + ψ α w α − 1 2 ψ 2 N), as expected from [8, 4, 5] , with F g related to a genus-g matrix model partition function. We have however observed that, due to the chiral ring relations of section 2, the above superpotential turns out to be trivial (i.e.D-exact) from the N = 1 point of view for g ≥ 2. Of course, the equality between gauge theory and matrix model correlators noted above, survives the chiral ring relations, since it involves only powers of F 2 on the gauge theory side.
From the technical point of view, we have followed a strategy based on generalized anomaly equations and chiral ring relations, as first exploited in [9] for the non-gravitational case and then adapted to the case of super Yang-Mills theory coupled to supergravity for genus one in [6] . As already stressed, one of the points of the present work was to find the correct chiral ring relations in the N = 1 gauge theory coupled to supergravity, with a background F αβ : whereas we cannot claim we have a "microscopic" gauge theoretic derivation of them, we find the fact that our assumptions agree, for gauge invariant operators, with the relations we obtain on the dual, closed string side, rather remarkable.
As for some open problems, it should be interesting to extend our approach to other matter representations and to the other classical (or exceptional) groups, extending the analysis of [18, 19] which did not involve gravity. Also, remaining in the context discussed here, on the gauge theory side we have used the resolvent-like operators, R(z), w α (z) and T (z), but only their contour integrals around the branch cuts in the z-plane (which in the semiclassical limit become the critical points of the superpotential), S i , w αi and N i are identified with the closed string vector multiplets.
It would be interesting to see if there is a more general correspondence, which, on the gauge theory side involves higher powers of Φ.
